In 2005, Bright et al. gave numerical evidence that among the family of time reversible deterministic thermostats known as -thermostats, the conventional = 1 thermostat proposed by Hoover and Evans is the only thermostat that is capable of generating an equilibrium state. Using the recently discovered relaxation theorem, we give a mathematical proof that this is true.
I. INTRODUCTION
Time reversible deterministic thermostats were simultaneously but independently invented by Hoover and Evans 1 in the early 1980s. Originally, they were used as a convenient thermostat in nonequilibrium molecular dynamics computer simulations. These thermostats are unnatural in that they do not exist in nature. However, they have recently been used to prove exact results about real systems that exchange heat with remote heat baths. 2 These thermostats can be placed arbitrarily far from a natural system of interest. Thus we can prove exact results about natural systems exchanging heat with arbitrarily remote heat baths. Because of the remoteness, there is no way the system of interest can "know" precisely how heat is removed. However, these time reversible deterministic thermostats 3 do enable us to correctly measure the change in phase space volumes caused when heat is lost from a deterministic system. The original thermostats and ergostats proposed by Hoover and Evans were later found to be derivable from Gauss' Principle of Least Constraint 4 when applied to fix either the peculiar kinetic energy or the internal energy of a system, respectively. In either case, the equation of motion for the rate of change of peculiar momentum of particle i takes the form
where F i is the interparticle force on particle i and the thermostat multiplier ␣ is chosen to prevent the peculiar kinetic energy or in driven nonequilibrium systems, the internal energy, from changing. Later Hoover, Evans, and others occasionally discussed -thermostats 5 where Eq. ͑1͒ was replaced by an equation
where is a real number and the final term on the right hand side ensures that the total momentum is fixed. ͑Note: These -thermostats by no means exhaust all the possible mathematical forms that time reversible deterministic thermostats can take.
6 ͒ In the 1980s, Hoover and Evans knew 7 that the original = 1 thermostats preserved the canonical and the isokinetic equilibrium distributions ͑i.e., under this dynamics, the canonical and isokinetic distributions do not change with time͒. However, there was no proof that initial nonequilibrium distributions would, at long times, relax to the various canonical equilibrium distributions. Very little was known about the corresponding 1 thermostats.
Two decades later, Bright et al. 8 showed numerically that 1 systems, with no dissipative fields applied, do not relax to equilibrium. The original = 1 thermostatted dynamics was the only dynamics capable of allowing nonequilibrium distributions to relax to equilibrium. Bright et al. 8 showed that if thermostats were used with Gauss' Principle 7 to fix the + 1th moment of the momenta K +1 ϵ͚ i␦ ͉p i␦ ͉ +1 = C 0 , then there was no ␤ R, such that exp͓−␤⌽͑q͔͒␦͑K +1 − C 0 ͒ / ͐dqdp exp͓−␤⌽͑q͔͒␦͑K +1 − C 0 ͒ was preserved by the dynamics. In this expression, ⌽͑q͒ is the interparticle potential energy, q is the set of particle coordinates, and p the set of particle peculiar momenta. This result suggested that when 1 equilibrium is not possible. The weakness in the argument is that the precise mathematical form for the equilibrium distribution for a 1 thermostatted system was not known. The fact that a presumed form for the equilibrium distribution is not preserved by the dynamics does not prove that equilibrium does not exist.
These difficulties illustrate the fact that until very recently, almost nothing was known about the necessary and sufficient conditions for the relaxation to equilibrium. With the exception of uniform ideal gases where Boltzmann's H-theorem is applicable, there has been no theorem concerning the relaxation to equilibrium.
In the present paper, we shall apply the newly discovered relaxation theorem 9 to analyze -thermostatted systems. We show that the necessary and sufficient conditions for an initial distribution to relax to equilibrium are that the initial distribution should be an even function of the momenta, that the system should be t-mixing, and = 1. For notational, simplicity we show this for an N-particle classical system in one Cartesian dimension.
II. THEORY FOR GAUSSIAN ISOKINETIC DYNAMICS
We denote the N-particle phase space ⌫ ϵ͑q 1 , ...q N , p 1 , ... p N ͒ϵ͑q , p͒ distribution function at time t as f͑⌫ , t͒. For simplicity, we assume there is one Cartesian dimension. We also assume the initial distribution function is an even function of the momenta. In the first instance, we consider the usual Gaussian isokinetic dynamics. 7 The dissipation function ⍀͑⌫͒, usually defined with respect to the initial distribution, can be given in terms of its time integral
where M T ͑q , p͒ϵ͑q ,−p͒ is the time reversal map 7 and ⌳ ϵ ‫ץ‬ / ‫⌫ץ‬ · ⌫ is the phase space expansion factor and ⍀ ͑⌫͑0͒͒ϵ͐ 0 ds⍀͑⌫͑s͒͒. First we consider a = 1 thermostat with isokinetic dynamics. Under our assumptions, the total momentum P is zero and the assumed dynamics will make this sum a constant of the motion. Thus without loss of generality, we write the possible equilibrium distribution as
where G͑⌫͒ is an unknown real phase function and we assume that ␤ is a positive real number ͑changing the sign of ␤ only redefines G͒. In order to apply the relaxation theorem, we assume the system and the dynamics is t-mixing 10 ͑i.e., transient time correlation functions of zero mean phase functions decay to zero at long times͒. This implies the system is ergodic and therefore G͑⌫͒ contains no ͑suitably smooth͒ constants of the motion.
From the definition of the dissipation function ͑3͒, we see that
All the conditions for the application of the relaxation theorem hold; therefore, arbitrary initial distributions ͑even in the momenta͒ must, at sufficiently long time, relax to ergodic equilibrium. At equilibrium the dissipation must satisfy the following equality:
Because this condition must be true for all ⌫, it is an extremely strong condition. It implies that the phase function for the thermostat multiplier must be the same function ͑modulo a constant factor͒ as the time derivative of G. This implies that
We then see that
and therefore
G͑⌫͒ = ⌽͑⌫͒. ͑9͒
Note: G could have been a scalar multiple of ⌽. Without loss of generality we absorb this scalar into ␤. This now implies the equipartition relation for ␤
Thus we have shown that
is the unique equilibrium distribution; it must be unique and ergodic since G contains no ͑suitably smooth͒ constants of the motion.
III. THEORY FOR THERMOSTATTED DYNAMICS
Now consider a -thermostatted one-dimensional system. We take the equation of motion to be
We use Gauss' Principle to fix ͚͉p i ͉ +1 . Thus we solve for ␣,
The phase space expansion factor is
Note that the full expression for the order 1 in N term ͑O N ͑1͒͒ is given in Ref. 8 . For clarity, these terms will be omitted in the following derivation. Now if we try to find an equilibrium distribution function of the form given above we require that
As noted above, this condition ͑16͒ is very strong. If we assume ‫ץ‬G / ‫ץ‬p 0, we must have
where the first term on the left hand side could be zero. There is no way, with or without that first term, that Eq. ͑17͒ can be satisfied everywhere in phase space, for any . The second possibility is to let
and then we see that
Now we see how very special = 1 thermostats are. Equation ͑19͒ requires three different conditions should be satisfied
͑note that the other possibility, namely, that =0, is trivially impossible.͒, and
͑note that the other possibility, namely, that −1= + 1 is obviously impossible͒.
IV. CONCLUSION
With the help of the relaxation theorem we can now understand the conditions for relaxation to a unique equilibrium distribution. When time reversible, deterministic =1 thermostats were first proposed, it was pointed out that the Gaussian isokinetic thermostat preserved the isokinetic distribution function. However, it was also known that this same thermostat preserved the canonical distribution. The actual equilibrium distribution function generated by time averaging a single Gaussian isokinetic trajectory was not known with any mathematical certainty.
If we start from an initial distribution of states that is an even function of the momenta, is governed by = 1 thermostatted dynamics, and is t-mixing, then the system must be ergodic and will, at long times, relax to the isokinetic distribution ͑11͒.
We note that although the canonical distribution is preserved by isokinetic dynamics, the canonical distribution is in fact not t-mixing for isokinetic dynamics since time correlation functions involving the kinetic energy never decay. This system is not even mixing, a weaker condition than t-mixing, that includes mixing as a special case.
Let K͑t͒ be the kinetic energy at time t. To be mixing, the ensemble averaged time correlation function of all zero mean suitably smooth phase functions must decay to zero at long times. Therefore we require, for example, that lim t→ϱ ͓͗K͑0͒ − ͗K͑0͔͓͒͘K͑t͒ − ͗K͑t͔͒͘͘ = 0, where the ensemble averages are taken over the stationary canonical distribution. However, for isokinetic dynamics the total kinetic energy is a constant of the motion, and rather than decaying to zero this autocorrelation function is constant independent of time and is in fact equal to N͑kT͒ 2 / 2, ∀ t. For t-mixing isokinetic dynamics, the isokinetic distribution is the unique ergodic equilibrium distribution function. Of course, not all isokinetic systems are mixing over the isokinetic distribution. Our point is that no isokinetic system is mixing over the canonical distribution.
If we try to change the dynamics from the usual =1 Gaussian isokinetic dynamics to some form of time reversible 1 dynamics, then equilibrium is simply not possible. Even though the dynamics may ͑following Gauss' Principle͒ fix the + 1th moment of the momenta, the dynamics is autodissipative and never allows the system to relax to equilibrium.
Finally, we see that the usual Gaussian isokinetic thermostat is quite exceptional. It exhibits three mathematical "coincidences" that on the face of it, do not seem to be directly related. A system of three linearly independent equations in one unknown is a somewhat overdetermined system.
